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E-mail address: abir.chakraborty@gm.comThis paper presents a numerical technique to predict the effective elastic properties of heterogeneous
ﬂuid-ﬁlled porous media where the heterogeneity may result from dissimilar solid and ﬂuid phase prop-
erties or due to mismatch in porous microstructure. The technique is based on the variational asymptotic
method of homogenization where ﬁnite element method is employed for discretization. Biot’s theory of
poroelasticity is used to describe porous media where both solid and ﬂuid phase motions (u  U formu-
lation) are considered with associated strain measures. The method estimates the poroelastic constitutive
law in single analysis which makes it very efﬁcient compared to other ﬁnite element based homogeniza-
tion techniques. The method is also general enough to compute all 28 elements of an anisotropic consti-
tutive matrix. Other than estimating the effective properties the micro-stress/strain distribution is also
obtained at no additional cost.
The method is successfully applied for homogenization of porous media, ﬂuid-ﬁlled cavity and ﬁnally
for effective property estimation of bone lamella. In absence of any other direct method of porous media
homogenization, the present technique is compared with classical homogenization methods with ﬂuid
approximated as solid of very high Poisson’s ratio. The suitability of this approximation and various other
alternatives are also discussed. It is shown that the present homogenization method can be an efﬁcient
tool for bone property estimation where ﬂuid-ﬁlled porous hierarchical micro-/nanostructure must be
respected at all steps.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Heterogeneous porous media in nature appear in the form of
geomaterials like rocks and biomaterials like bones. The inhomoge-
neity of porous material constituents at the microlevel, spatial var-
iation of their microstructure and the resulting variation in the
porosity distribution indicate that modeling of these media is com-
putationally expensive if one is interested in capturing the effect of
these variations on the system response. Thus, one can take re-
course to detailed (expensive) microstructure based modeling
where the microstructure data can be obtained by different exper-
imental methods (e.g., CT and MRI scan for bone tissue) and ana-
lyzed by standard numerical methods (e.g., ﬁnite element
method). Alternatively, one can look for effective property estima-
tion of these porous media and then use them judiciously to have
an estimate of the average response. It is to be noted that the sec-
ond approach is computationally many orders of magnitude more
efﬁcient in capturing the average response. Moreover, the micro-
scale response (ﬂuctuation) can be obtained from the macroscale
response with minimal computational effort.ll rights reserved.One of the predominant methods of modeling geomaterials is
Biot’s theory of poroelasticity, which successfully represents the
coupled nature of solid and ﬂuid deformation in a ﬂuid-ﬁlled por-
ous media (Biot, 1955a,b).
Although the theory was originally developed for modeling soil
consolidation process in geomechanics (where gradual deforma-
tion of porous solid skeleton occurs with ﬂuid coming out of the
pores) it can aptly describe the deformation of porous composite
microstructure with solid and ﬂuid phase. For example, the
‘‘undrained” case referred in geomechanics is same as having a
composite porous structure with sealed boundaries so that no pore
ﬂuid can escape. Similarly, the ‘‘drained” case is akin to having a
porous microstructure with empty pores. Thus, Biot’s consolidation
theory can be considered to be a suitable instrument to describe
the deformation of porous composite. Over almost a period of four
decades this theory has also been applied to bone modeling (see
the survey article by Cowin (1999)). While there are several other
methods including the theory of mixture, which are suitable for
porous media modeling, Biot’s theory enjoys an unparalleled
advantage over other methods because of its simplicity, proven
accuracy, ﬁrm theoretical basis, strong connection to other homog-
enized theories and ease of implementation. In the present work,
we restrict ourselves to the framework of Biot’s theory and various
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ory. Although it is shown by Burridge and Keller (1981) that Biot’s
theory itself can be considered as an upscaling of combined classi-
cal linear elasticity for solid and linearized Navier–Stokes formula-
tion for ﬂuids, the theory is not adequate for heterogeneous porous
media with spatially varying porosity. Further, the theory is not
immediately applicable for porous materials where the porous (so-
lid) frame is composed of many different phases (Berryman and
Milton, 1991).
Three different notions of homogenization are possible for por-
ous media. First, if there is more than one solid phase in the solid
frame then the equivalent solid frame property needs to be esti-
mated. This can be carried out easily by the conventional methods
of analytical (differential method, self-consistent scheme, Mori–
Tanaka method etc., see (Christensen, 1990) for a brief review of
each method) and numerical homogenization (FEM). The second
consideration is to be given to the ﬂuid content where more than
one liquid phase may exist. The effective compressibility of this
immiscible system of ﬂuid media can be obtained elegantly by
applying the theory of mixture. Finally, with the effective solid
and ﬂuid phase properties, one has to carry out the second level
of homogenization where the porous frame microstructure plays
a signiﬁcant role. Biot’s theory comes at this level where it com-
bines the effective solid frame (Young’s modulus, Poisson’s ratio
and density) and effective interstitial ﬂuid properties (density
and compressibility). However, no microstructural information of
the solid frame can be used since the theory assumes a statistically
homogeneous porous medium of constant porosity. A survey of
other upscaling methods with the same objective as Biot’s theory
can be found in Berryman (2005), where various effective medium
theories, mixture theories and volume averaging methods are dis-
cussed and compared. However, none of these theories takes into
account the effect of microstructure and it is necessary to develop
a methodology that can overcome this shortcoming.
The other requirement arises from the widespread usage of
Biot’s theory for bone modeling (Cowin, 1999). It is to be noted that
Biot’s theory is a phenomenological model and the coefﬁcients
used in this theory are determined from experiments. However, gi-
ven the complicated microstructure of bone it can be immediately
appreciated that the estimation of Biot’s parameters is very difﬁ-
cult. In this situation, classical homogenization methods have been
applied in the past to estimate poroelastic parameters. Smit et al.
(2002) used composite homogenization methods along with
experimental data to estimate Biot’s parameters for cortical bone.
Yoon and Cowin (2008) recently estimated anisotropic poroelastic
constants of osteons by coupling Biot’s theory with micromechan-
ical analysis for periodic distribution of cavities (Nemat-Nasser and
Hori, 1999). Although these efforts indicate signiﬁcant progress to-
wards the estimation of Biot’s parameters for bone tissue, a
homogenization methodology within Biot’s theory can substan-
tially improve the estimations.
Towards the development of a homogenization procedure with
Biot’s theory at the background, we appeal to the variational
asymptotic method of unit cell homogenization (VAMUCH). This
method is based on the variational asymptotic method (VAM) of
Berdichevsky (1977, 1979), which is applicable to any solid
mechanics problem admitting a variational structure where one
or more relatively small parameters are involved. The ‘‘smallness”
of these parameters is exploited by using an asymptotic expansion
structure of the functional of the problem (and not of the unknown
ﬁeld quantities as done in conventional asymptotic methods).
Thus, VAM combines the advantages of both variational (most
notably FE structure) and asymptotic methods. VAM has been used
earlier to model composite and smart beams (Yu et al., 2002c; Roy
et al., 2007; Roy and Yu, 2009), plates (Yu et al., 2002a; Yu and
Hodges, 2004a,b), and shells (Yu et al., 2002b; Yu, 2005). Applica-tion of VAM for homogenization of media with periodic micro-
structure leads to the development of VAMUCH. VAMUCH has
been successfully applied so far for periodically heterogeneous
material (Yu and Tang, 2007a), with thermoelastic properties (Yu
and Tang, 2007b). Recently, the method is applied for effective pie-
zoelectric (Tang and Yu, 2008b) and electro-magneto-elastic (Tang
and Yu, 2008a) property estimation of heterogeneous materials.
In this work, VAMUCH is extended to heterogeneous porous
media. It is assumed that there is a periodic microstructure present
in the porous medium to be homogenized. The periodic porous
microstructure can have (a) porous phases with inhomogeneity
in solid phase, ﬂuid phase or porosity and/or (b) homogeneous so-
lid and ﬂuid phases (see Fig. 1). For both cases, the ﬁnal outcome is
an equivalent porous description of the microstructure and the
corresponding Biot’s parameters are estimated. Thus, the method
is readily applicable towards the estimation of equivalent poro-
elastic properties of bone. Further, the microstructure information
is embedded in the process by ﬁnite element (FE) modeling. The
periodicity of the microstructure is an assumption that substan-
tially simpliﬁes the homogenization procedure. However, for many
complex (but realistic) microstructure the periodicity assumption
may not hold. In such situations, one can have a detailed but very
expensive FE model of the structure where all the microstructural
details are captured. The other possibility is to use various analyt-
ical methods that do not assume periodicity of the microstructure
(Christensen, 1990). These analytical methods were developed for
solid–solid mixture and in this work they are extended to porous
media. A summary of these modiﬁed methods can be found in
Appendix A. The rest of the paper is organized as follows. The next
section describes brieﬂy Biot’s theory of poroelasticity indicating
the parameters to be estimated. Subsequently, VAMUCH formula-
tion for Biot’s theory is outlined and the FE implementation is dis-
cussed. The mathematical description is followed by the example
section where the developed method is compared, ﬁrst with other
analytical homogenization methods, followed by its application to
the homogenization of particle reinforced composites and ﬂuid-
ﬁlled cavity. The ﬁnal numerical example attempts to estimate
the effective poroelastic properties of an osteon. In the concluding
section, the results are discussed and scope for further work is
outlined.2. Poroelasticity
Poroelasticity deals with the deformation of porous media con-
sisting of deformable solid skeletal structures with ﬂuid inﬁltrating
the porous space and subjected to mechanical loading. Based on
the continuum theory of mixture, a porous medium is modeled
as the superposition of two continua, the skeleton matrix contin-
uum (Xs, formed by the solid phase of the porous medium) and
the ﬂuid continuum (Xf). Thus an inﬁnitesimal volume is formed
by dXs [ dXf where dXs \ dXf = ;. Although the matrix can itself
be composed of a solid part and an interstitial porous part (empty,
or ﬂuid-ﬁlled), this pore volume is not considered in the porosity
calculation. The porosity (b) is rather deﬁned as the fraction of
the total volume that is occupied by inter-connected pores (possi-
bly ﬂuid-ﬁlled). The stresses acting on this inﬁnitesimal volume are
solid-borne (rij) and ﬂuid borne (p, pressure). These entities are re-
lated to the deformation of the volume quantiﬁed by the strain in
the solid phase (ij) and dilatational strain of the ﬂuid (h). Accord-
ing to Biot’s theory of poroelasticity
rij ¼ 2Nij þ ðAkk þ QhÞdij; s ¼ bp ¼ Qkk þ Rh; ð1Þ
where s (‘‘effective ﬂuid stress”) is deﬁned from p to have same sign
convention as that of the solid stresses. Further, A, N, Q and R are
Biot’s material parameters that are functions of the Young’s modu-
Fig. 1. Different conﬁgurations of unit cell for (a) heterogeneous porous media and (b) trapped ﬂuid in solid media. Here, f, p and s indicate ﬂuid, porous and solid phase,
respectively and numbers in the subscript enumerate different phases of same type. Strictly speaking, the conﬁguration in (b) is not permitted under Biot’s theory as the pores
need to be interconnected. However, in a numerical approach one can always assign a small porosity to model solid phases and large porosity to model ﬂuid phases (and thus
keeping the pores interconnected). This approach of modeling ﬂuid-ﬁlled cavity is shown in Section 5.3.
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the ﬂuid, Kf and porosity, b and dij is the Kronecker delta. The gov-
erning equations of this porous medium (Biot, 1955a) for static
analysis become
rij;j ¼ 0; s;i ¼ 0 ði; jÞ ¼ 1; . . . ;3; ð2Þ
where the ﬁrst three equations are the classical equilibrium condi-
tion of the (solid) stress components and the last three equations
are derived from Darcy’s law of ﬂuid ﬂow. As shown in Eq. (1) the
seven stress components rij and s are coupled through the seven
strain components ij and h. As deﬁned later (see Eq. (7)) these solid
and ﬂuid strains are deﬁned in terms of three solid and three ﬂuid
displacement components. The set of Eq. (2) are used to solve for
these six displacement components simultaneously.
In a heterogeneous porous media all the material parameters
can vary spatially and a micromechanics approach can be used to
homogenize the porous media to obtain an effective constitutive
model, such that
rij ¼ 2Nij þ ðAkk þ Q hÞdij; s ¼ bp ¼ Qkk þ Rh; ð3Þ
where ‘‘over-bar” denotes variables used in the macroscopic analy-
sis of homogenized porous materials, and superscript ‘‘*” denotes
the effective properties determined from micromechanics based
analysis.3. Theoretical formulation
Three different coordinate systems are used in the present for-
mulation to describe the macrostructure and the spatially embed-
ded microstructure. Any point in the macrostructure is denoted by
x = (x1,x2,x3) containing a UC described by another cartesian sys-
tem y = (y1,y2,y3). For convenience, the origin of the y coordinate
system is taken at the centroid of the UC and yi is made parallel
to xi. Another integer-valued coordinate n = (n1,n2,n3) (see Fig. 2)
is used to uniquely identify a microstructure where ni = xi/di (no
summation implied over i). Although only a square grid of micro-
structure is shown in Fig. 2, the present formulation is general en-
ough to handle microstructures of any general shape.
As implied in the main assumptions of VAMUCH (Yu and Tang,
2007a), the effective material properties obtained from microme-
chanical analysis of a UC are not dependent upon the geometry,
loading or boundary conditions of the microstructure. Hence, in-
stead of considering a real macrostructure of realistic (but compli-
cated) loading and boundary condition, one can derive the material
properties from an imaginary, unbounded, and unloaded heteroge-
neous porous material but with the same microstructure. This
imaginary medium can be constructed by repeating inﬁnitelymany UCs in all directions to completely cover the three-dimen-
sional (3D) space R3. For porous media, the total strain energy is
equal to the summation of the poroelastic strain energy stored in
all the UCs (each of volume X), which is
P ¼
X1
n¼1
Z
X
2HdX; ð4Þ
where H is the poroelastic strain energy, given by
H ¼ ð1=2ÞTD ð5Þ
with
 ¼ ½11;212; 22;213;223; 33; hT ; ð6Þ
containing both the 3D solid and ﬂuid strain ﬁeld. For a linear the-
ory, these strains are deﬁned as
ijðn; yÞ ¼ 12
@uiðn; yÞ
@yj
þ @ujðn; yÞ
@yi
" #
; hðn; yÞ ¼ @Ukðn; yÞ
@yk
; ð7Þ
where ui and Ui are the solid and ﬂuid displacement components,
respectively, and D is a 7  7 constitutive matrix expressed as
D ¼ C Q13
Q1T3 R
 
; 1T3 ¼ ½1;1;1;0;0;0: ð8Þ
In the above equation C is formed from Biot parameters A and N by
applying Eq. (1). Since it is assumed that the macromedium is con-
structed by inﬁnitely repeating a UC in all directions, the continuity
of the solid and ﬂuid displacement ﬁeld at the UC interface de-
mands that
uiðn1;n2;n3;d1=2; y2; y3Þ ¼ uiðn1 þ 1;n2;n3;d1=2; y2; y3Þ;
uiðn1;n2;n3; y1;d2=2; y3Þ ¼ uiðn1;n2 þ 1;n3; y1;d2=2; y3Þ;
uiðn1;n2;n3; y1; y2; d3=2Þ ¼ uiðn1;n2;n3 þ 1; y1; y2;d3=2Þ;
Uiðn1;n2;n3; d1=2; y2; y3Þ ¼ Uiðn1 þ 1;n2;n3;d1=2; y2; y3Þ;
Uiðn1;n2;n3; y1;d2=2; y3Þ ¼ Uiðn1;n2 þ 1;n3; y1;d2=2; y3Þ;
Uiðn1;n2;n3; y1; y2; d3=2Þ ¼ Uiðn1;n2;n3 þ 1; y1; y2;d3=2Þ:
ð9Þ
Once Eq. (9) is imposed, the continuity of the solid traction and ﬂuid
pressure (derived from the solid and ﬂuid displacements) is ex-
pected to be satisﬁed trivially. However, for an approximate numer-
ical technique like ﬁnite element method (FEM) the continuity of
the displacement components is satisﬁed only at the FE nodes
and the solid traction and ﬂuid pressure continuity will be satisﬁed
approximately.
One of the basic assumptions of VAMUCH is the existence of
volume average entities, which leads to the following deﬁnition
0 1 2 3
3
2
1
1,1 2,1
x1,n1
x2,n2
y1
y2
Fig. 2. Coordinate systems for heterogeneous materials (only two-dimensional unit cell is drawn for clarity).
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Z
X
ui dX  huii; Vi ¼ 1X
Z
X
Ui dX  hUii; ð10Þ
where vi and Vi are volume average quantities. Then the problem
becomes one of minimizing the functional in Eq. (4) subject to the
constraints of Eqs. (9) and (10). The discrete integer arguments in
the expression of the strain energy, however, make the problem vir-
tually intractable. The situation can be improved dramatically by
applying the idea of quasicontinuum (Kunin, 1982) where the dis-
crete nature of the functional (Eq. (4)), strain measure (Eq. (7))
and continuity condition (Eq. (9)) can be modiﬁed into a continuous
description as
P ¼
Z
R
hTDidR; ð11Þ
ijðx; yÞ ¼ 12
@uiðx; yÞ
@yj
þ @ujðx; yÞ
@yi
" #
; hðx; yÞ ¼ @Ukðx; yÞ
@yk
; ð12Þ
and
uiðx1; x2; x3;d1=2; y2; y3Þ ¼ uiðx1 þ 1; x2; x3;d1=2; y2; y3Þ;
uiðx1; x2; x3; y1; d2=2; y3Þ ¼ uiðx1; x2 þ 1; x3; y1;d2=2; y3Þ;
uiðx1; x2; x3; y1; y2;d3=2Þ ¼ uiðx1; x2; x3 þ 1; y1; y2;d3=2Þ;
Uiðx1; x2; x3;d1=2; y2; y3Þ ¼ Uiðx1 þ 1; x2; x3;d1=2; y2; y3Þ;
Uiðx1; x2; x3; y1; d2=2; y3Þ ¼ Uiðx1; x2 þ 1; x3; y1;d2=2; y3Þ;
Uiðx1; x2; x3; y1; y2;d3=2Þ ¼ Uiðx1; x2; x3 þ 1; y1; y2;d3=2Þ:
ð13Þ
The solution of the micromechanical displacement ﬁeld ui and Ui is
obtained by minimizing the following functional constructed from
Eq. (11) with Eqs. (10) and (13) enforced by Lagrange multipliers as
J ¼
Z
R
fhTDiþ kiðhuii v iÞþKiðhUiiViÞ
þ
Z
S1
ci1½uiðxj;d1=2;y2;y3Þ uiðxj þ dj1d1;d1=2;y2;y3ÞdS1
þ
Z
S2
ci2½uiðxj;y1;d2=2;y3Þ uiðxj þ dj2d2;y1;d2=2;y3ÞdS2þ
Z
S3
ci3½uiðxj;y1;y2;d3=2Þ uiðxj þ dj3d3;y1;y2;d3=2ÞdS3
þ
Z
S1
ai1½Uiðxj;d1=2;y2;y3ÞUiðxj þ dj1d1;d1=2;y2;y3ÞdS1
þ
Z
S2
ai2½Uiðxj;y1;d2=2;y3ÞUiðxj þ dj2d2;y1;d2=2;y3ÞdS2
þ
Z
S3
ai3½Uiðxj;y1;y2;d3=2ÞUiðxj þ dj3d3;y1;y2;d3=2ÞdS3gdR
ð14Þ
where ki, Ki, cij and aij are Lagrange multipliers introduced to
enforce the constraints in Eqs. (10) and (13), respectively, Si are
the surfaces with ni = 1 and xj represents the triplet of (x1,x2,x3).
Following the general procedure of VAMUCH, the following change
of variables for ui and Ui are introduced
uiðx; yÞ ¼ v iðxÞ þ yj
@v i
@xj
þ viðx; yÞ; ð15Þ
Uiðx; yÞ ¼ ViðxÞ þ yj
@Vi
@xj
þ fiðx; yÞ; ð16Þ
vi and fi are the ﬂuctuation functions, satisfying the following con-
straints in view of Eqs. (10), (15) and (16) when the origin of the lo-
cal coordinate system is chosen to be the center of UC:
hvii ¼ 0; hfii ¼ 0: ð17Þ
Substituting Eqs. (15) and (16) in Eq. (14), a functional deﬁned over
UC for vi and fi is obtained according to the variational asymptotic
method (Berdichevsky, 1977), such that
JX ¼ hTDi þ kihvii þKihfii þ
X3
j¼1
Z
Sj
cij v
þj
i  vji
 
dSj
þ
X3
j¼1
Z
Sj
aij fþji  fji
 
dSj ð18Þ
with
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j
i ¼ vijyj¼dj=2; for j ¼ 1;2;3; ð19Þ
fþji ¼ fijyj¼dj=2; f
j
i ¼ fijyj¼dj=2; for j ¼ 1;2;3: ð20Þ
The strain matrix  can be written as
 ¼ þ 1 ð21Þ
with
¼ @v1
@x1
;
@v1
@x2
þ@v2
@x1
;
@v2
@x2
;
@v1
@x3
þ@v3
@x1
;
@v2
@x3
þ@v3
@x2
;
@v3
@x3
;
@V1
@x1
þ@V2
@x2
þ@V3
@x3
 T
;
ð22Þ
which is in terms of the global variables describing both the solid
and ﬂuid strain ﬁeld for the porous material with homogenized
effective material properties, and
1¼ @v1
@y1
;
@v1
@y2
þ@v2
@y1
;
@v2
@y2
;
@v1
@y3
þ@v3
@y1
;
@v2
@y3
þ@v3
@y2
;
@v3
@y3
;
@f1
@y1
þ@f2
@y2
þ@f3
@y3
 T
:
ð23Þ
The functional JX in Eq. (18) provides the basic variational structure
of VAMUCH in general. It is possible to obtain analytical solution of
this variational problem for simple one-dimensional arrangement
of microstructures. However, for all realistic microstructure with
complex arrangement of multiple phases, a numerical technique
like FEM becomes the only viable option.4. Finite element implementation
FEM when applied to Eq. (18) generates extra variables in terms
of the Lagrange multipliers (ki, Ki, cij and aij). To avoid this situa-
tion, the constraints can be enforced directly as boundary condi-
tions and the problem simpliﬁes to minimization of
PX ¼ 1X
Z
X
TDdX; ð24Þ
under the following constraints:
vþji ¼ vji and fþji ¼ fji ; for j ¼ 1;2;3; ð25Þ
The constraints in Eq. (25) are the periodic boundary conditions for
the unknown variables, which are normally assumed in FEM based
homogenization techniques. However, in the VAMUCH formalism
these conditions (along with the variational statement Eq. (24)) re-
sult from Eq. (18), i.e., the periodic boundary conditions are derived
from the theory instead of being assumed a priori. As noted in pre-
vious VAMUCH literature (Yu and Tang, 2007a,b) the restrictions on
the ﬂuctuation functions (Eq. (17)) do not affect the minimum value
of PX but help uniquely determine vi and fi.
Another way of imposing the constraints in Eq. (25) is the pen-
alty parameter approach where again the variational structure is
modiﬁed though no additional variable is introduced. Instead the
stiffness matrix is modiﬁed with terms containing large penalty
parameters. This is an approximate way of imposing the con-
straints and success of this method depends on suitable choice of
the parameter. Since the constrains in Eq. (25) are homogeneous,
a direct approach of renumbering ‘‘slave” node (say, nodes at
yi = di/2) to their corresponding ‘‘master” node (say, nodes at
yi = di/2) will exactly satisfy the constraints. In this method, the
system size is also reduced since the ‘‘slave” nodes do not contrib-
ute to the active degrees of freedom.
Introducing the following matrix notation:1 ¼
@=@y1 0 0 0 0 0
@=@y2 @=@y1 0 0 0 0
0 @=@y2 0 0 0 0
@=@y3 0 @=@y1 0 0 0
0 @=@y3 @=@y2 0 0 0
0 0 @=@y3 0 0 0
0 0 0 @=@y1 @=@y2 @=@y3
2
666666666664
3
777777777775
v1
v2
v3
f1
f2
f3
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
¼ ChW;
ð26Þ
where Ch is an operator matrix, W is discretized using ﬁnite ele-
ments as
Wðxi; yiÞ ¼ SðyiÞN ðxiÞ; ð27Þ
where S represents the element shape functions and N is a column
matrix of the nodal values of both the solid and ﬂuid ﬂuctuation
functions. Substituting Eqs. (26) and (27) into Eq. (24), a discretized
version of the functional is obtained as
PX ¼ 1X ðN
TEN þ 2N TDhþ TDÞ; ð28Þ
where
E ¼
Z
X
ðChSÞTDðChSÞdX; Dh ¼
Z
X
ðChSÞTDdX; D ¼
Z
X
DdX:
ð29Þ
Minimizing PX in Eq. (28), the following linear system is obtained
EN ¼ Dh: ð30Þ
It is clear from Eq. (30) that the ﬂuctuation function N is linearly
proportional to , which means the solution can be written symbol-
ically as
N ¼ N: ð31Þ
Substituting Eq. (31) into Eq. (28), the poroelastic strain energy of
the UC is computed as
PX ¼ 1X 
T N TDh þ D
 
Þ ¼ D: ð32Þ
It can be seen that D in Eq. (32) represents the effective poroelastic
material properties which can be expressed using a 7  7 matrix as
D ¼ C
 Q 13
Q 1T3 R

 
; ð33Þ
and  is a column matrix containing both the solid and ﬂuid global
strains.
Microscopic variation of the solid and ﬂuid displacements,
strains and stresses within a UC can be obtained from the com-
puted ﬂuctuation functions by following the procedure described
below. First the local solid and ﬂuid displacements are recovered
using Eqs. (15) and (16) as
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>:
9>=
>;þ S N :
ð34Þ
It is to be noted that, S is different from S since the slave nodes are
also considered. Next, the local microstrain ﬁeld can be recovered
using Eqs. (7), (15), (16) and (26) as
 ¼ þ ChS N : ð35Þ
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ered using the 3D constitutive relations for a poroelastic material as
r ¼ D ð36Þ
with r as a column matrix containing both the solid and ﬂuid stress
components as
r ¼ ½r11;r12;r22;r13;r23;r33; sT : ð37Þ5. Numerical examples
This section illustrates the capability of the VAMUCH based
homogenization procedure described in the previous section. First,
the method is compared with classical homogenization techniques
where, following Yoon and Cowin (2008) the ﬂuid is approximated
as an elastic solid with very high (0.4999) Poisson’s ratio. Next,
Eshelby’s problem for porous media is studied and the microstress
distribution is discussed for various macroconditions. Subse-
quently, effective property estimation of ﬂuid-ﬁlled cavity is car-
ried out and compared with the analytical solution of Shaﬁro and
Kachanov (1997). Finally, a step-by-step homogenization is carried
out to estimate the effective poroelastic properties of cortical bone
lamella.
5.1. Comparison with different homogenization theories
To validate the present numerical strategy, homogenization of
heterogeneous porous media with two different regions is consid-
ered. Both the regions are taken to be porous material with differ-
ent material properties. The region with larger volume fraction is
referred to hereafter as the matrix and the other one is called the
inclusion. In this example, a cubic matrix is considered with spher-
ical inclusion. The volume fraction of the inclusion /i is varied from
0.065 to 0.46 in 5 steps. The matrix has a solid phase with Young’s
modulus Em = 25 GPa and Poisson’s ratio mm = 0.33. It is assumed0 0.05 0.1 0.15 0
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Fig. 3. Variation of the effective Young’s modulus of a porous unit cell with porous spher
of the matrix is varied between 0.01 and 0.40. The volume fraction of the inclusion is va
estimations. The lines with unﬁlled marker, dashed lines and dotted lines are GSCM, Mthat the pores are ﬁlled with air of bulk modulus Kf = 0.1 MPa.
For the inclusion, two different material properties are considered.
In the ﬁrst case, the inclusion Young’s modulus is ﬁxed at Ei = Em/2
and mi = mm. The porosity of the inclusion phase, bi is kept ﬁxed at
50%. In the second case, Ei = 1 MPa, mi = 0.25 with bi = 99% simulat-
ing a void. For both the cases, the matrix porosity, bm, is varied be-
tween 1% and 40%.
The present porous VAMUCH (pVAMUCH) estimation of the
effective porous material properties of the unit cell formed by
the aformentioned matrix and inclusion is compared with tradi-
tional methods like, generalized self-consistent method (GSCM),
Mori–Tanaka method (MTM), dilute distribution theory (DDT)
and coherent potential approximation (CPA). A brief summary of
these methods modiﬁed suitably for porous media can be found
in Appendix A. Fig. 3 shows the comparison of the pVAMUCH pre-
diction of the effective Young’s modulus of the unit cell, Eeff with
different methods for varying bm. In this ﬁgure the lines with ﬁlled
marker indicate the pVAMUCH estimations. Similarly, the lines
with unﬁlled marker, dashed lines and dotted lines are GSCM,
MTM and CPA based predictions, respectively. It can be seen that
all the methods agree quite well with each other for low volume
fraction of the inclusion. However, with increasing inclusion vol-
ume fraction and decreasing matrix porosity the difference be-
tween these estimations increases. This can be explained easily.
The above two conditions lead to greater mismatch of the material
properties of matrix and inclusion and it is well known that meth-
ods like GSCM, MTM and CPA work reasonably when the phase
properties do not differ signiﬁcantly among themselves.
To further highlight on this point, the second case is considered
where the inclusion is a void simulated by bi = 99%. Thus, there is
greater mismatch in the matrix and inclusion material properties
and it is expected that the predictions by different methods will
agree less with each other compared to the previous case. The esti-
mation between different methods is shown in Fig. 4. Again, for
lower void volume fraction pVAMUCH predictions agree quite well
with other methods. However, it is evident that there is greater.2 0.25 0.3 0.35 0.4
orosity, βm
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φi = 0.27
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φi = 0.46
ical inclusion. The porosity of the inclusion is kept constant at 0.50 and the porosity
ried from 0.065 to 0.40. The lines with ﬁlled marker indicate the porous VAMUCH
TM and CPA based predictions, respectively.
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Fig. 4. Variation of the effective Young’s modulus of a porous unit cell with spherical void. The void is modeled by making its porosity 0.99. The porosity of the matrix is
varied between 0.01 and 0.40. The volume fraction of the void is varied from 0.065 to 0.40. The lines with ﬁlled marker indicate the porous VAMUCH estimations. The lines
with unﬁlled marker, dashed lines and dotted lines are GSCM, MTM and CPA based predictions, respectively.
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higher /i and lower bm. The difference among GSCM, MTM and
CPA also increases with increasing /i and decreasing bm. Moreover,
CPA predictions for /i = 0.38 and 0.46 fail to show the dependence
on the matrix porosity.
In Figs. 3 and 4, MTM predictions are closest to the pVAMUCH
estimations followed by GSCM and CPA. A better prediction to both0 0.05 0.1 0.15 0.
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Fig. 5. Variation of the effective Young’s modulus of a porous unit cell with spherical v
varied between 0.01 and 0.40. The volume fraction of the void is varied from 0.065 to 0.4
with unﬁlled marker, dashed lines and dotted lines are GSCM, MTM and extended Biot’GSCM and CPA is the extended Biot’s theory for porous frame. This
is shown in Fig. 5 where the dotted lines indicate this new theory
based predictions. It can be seen that the extended Biot’s theory
based prediction is closest to pVAMUCH predictions for almost
all /i (except for / = 0.46). It is to be noted that the extended Biot’s
theory works well for the case where the inclusion has negligible
shear modulus, i.e., void or ﬂuid-ﬁlled void. However, the theory2 0.25 0.3 0.35 0.4
orosity, βm
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Fig. 6. Variation of the effective Young’s modulus of a porous unit cell with spherical void. The void is modeled by making its porosity 0.99. The porosity of the matrix is
varied between 0.01 and 0.40. The volume fraction of the void is varied from 0.065 to 0.40. The lines with ﬁlled marker indicate the porous VAMUCH estimations. The dashed
lines are extended dilute distribution theory based predictions.
78 A. Chakraborty / International Journal of Solids and Structures 48 (2011) 71–86does not compare well for the other case where the inclusion shear
modulus is not negligible.
The ﬁnal comparison is with the DDT which is again upscaled
for porous frame. Fig. 6 shows the effective property estimation
for the spherical void case. The ﬁgure suggests that the pVAMUCH
predictions match very well with the DDT based predictions for
inclusion volume up to 30%. Beyond this, the DDT predictions con-0 0.05 0.1 0.15 0.
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Fig. 7. Variation of the effective Young’s modulus of a porous unit cell with porous spher
of the matrix is varied between 0.01 and 0.40. The volume fraction of the inclusion is va
estimations. The dashed lines are extended dilute distribution theory based predictionsverge to a value lower than that predicted by pVAMUCH. This con-
verging behavior of DDT is consistent with the trends reported by
Yoon and Cowin (2009). For the case of spherical inclusion, both
DDT and pVAMUCH predictions match quite well with each other
for /i 6 30%. This is shown in Fig. 7. For / > 30%, the difference be-
tween these two methods increases, although the difference is less
than that for void.2 0.25 0.3 0.35 0.4
orosity, βm
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trols the degree of non-linearity in the relationship between the
equivalent quantities and the phase porosity. In this example n is
taken as 1.23 and as a result the effective modulus varies almost
linearly with the matrix porosity. However, for large values of n
nonlinear dependence of the effective modulus on matrix porosity
becomes apparent.
5.2. Particle reinforced composite
Next, the Eshelby’s problem for porous media is considered. A
spherical inclusion of glass is considered in a cube of unit volume.
For homogeneous case, the inclusion has a Young’s modulus, Ei of
69.0 GPa and Poisson’s ratio, mi of 0.20, whereas, the matrix has
Em = 4.80 GPa and mm = 0.34. For a inclusion volume fraction of
0.065, the solution can be found from the classical homogenization
of non-porous material (e.g., using VAMUCH of Yu and Tang
(2007a)) as E* = 5.5 GPa, G* = 2.03 GPa and m = 0.33. We solve the
same problem using the present porous media formulation using
a very low value of porosity, b = 1%. For the porous matrix we as-
sume that Es = Em, ms = mm and for the porous inclusion Es = Ei and
ms = mi. The exponent in the material model n is assumed to be
1.23. The pores are assumed to be ﬁlled with a ﬂuid of bulk mod-
ulus Kf = 2.2 GPa. On homogenization it is found that the effective
material properties are very close to the previous solutions,
namely, E* = 5.44 GPa, G* = 2.0 GPa and m = 0.33. Additionally, the
solid–ﬂuid coupling parameters are found to be Q* = 4.5 MPa and
R* = 19.7 MPa.
The present methodology can also compute the microstress
ﬁeld for a given macrostress speciﬁed for the entire microstructure.The microstress distribution is studied for three different condi-
tions, namely (a) unit stress in X direction, (b) unit hydrostatic
stress in solid only (c) unit hydrostatic stress in solid and ﬂuid
and (d) unit ﬂuid pressure. Fig. 8 shows the variation of the normal
microstresses for a unit rxx (macro). It is obvious that the micro-rxx
(top left subﬁgure) has the highest magnitude compared to any
other component. Within the unit cell, the inclusion microstress
is uniform and double of the applied macrostress. The matrix is
stressed nonuniformly. The stress (micro) is lowest at the inclu-
sion-interface (half of the applied macrostress) and increases
monotonically to reach the level of the applied stress. This pattern
is consistent to what is observed for the 2D case (Yu and Tang,
2007a).
The variation of the other two normal stresses in the solid show
a different pattern. For both the cases, the inclusion experiences a
moderate (0.45 MPa) compressive to zero stress and the matrix is
subjected to a moderate tensile (0.4 MPa) to zero stress. The ﬂuid
pressure on the other hand is negligible throughout the unit cell
(top right subﬁgure). This can be attributed to the small value of
porosity (1%) considered in the model.
The difference amongst the normal microstresses is absent for
case (b) and (c) where a compressive hydrostatic stress is applied
only for the solid material and for both the solid and the ﬂuid
material, respectively. For case (b) it is evident that the microstress
distribution is identical for all the normal stress although the ﬂuid
pressure is negligible. In case of additional ﬂuid pressure (case (c)),
the micropressure distribution is uniform and reaches the macro-
pressure value. Finally, for case (d) where a unit macroﬂuid pres-
sure is applied to the unit cell, Fig. 9 shows that the microﬂuid
pressure is uniform and equal to the applied macropressure. The
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Fig. 9. Variation of the microstresses in a unit cell with spherical inclusion due to unit ﬂuid pressure.
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inclusion is subjected to uniform compressive stress whereas the
matrix does not carry any stress.
In this example, the ﬂuid motion does not play much role due to
the very low value of porosity. The next problem tries to address
this situation where a ﬂuid-ﬁlled cavity replaces the spherical
particle.
5.3. Fluid-ﬁlled cavity
The effective properties of a unit cell with ﬂuid-ﬁlled cavity
have been estimated by Shaﬁro and Kachanov (1997) for various
cavity shapes including spheres and ellipsoids. If the solid matrix
has Young’s modulus Es and Poisson’s ratio ms and the cavity is
ﬁlled with a ﬂuid of bulk modulus Kf then the effective modulus
E ¼ Es=r; r ¼ 1þ b 3ð1 msÞð9þ 5msÞ2ð7 5msÞ 
1
1þ d
1 ms
2
 
; ð38Þ
where
d ¼ 2
9
Es=Kf  3ð1 2msÞ
1 ms ð39Þ
and b is the porosity, i.e., the ratio of the volume of the cavity to the
cube volume. The unit cell of the previous example is again consid-
ered with the inclusion particle replaced by a spherical cavity. For
the solid matrix, a different material is considered with Em = 25.0 G-
Pa, mm = 0.33, b = 0.01 and all the other parameters are kept same as
before. The cavity is modeled as a porous material of very high
porosity b = 0.99 with E = 1.0 MPa, m = 0.25 and Kf = 2.2 GPa. The
cavity radius is modiﬁed in such a way that the cavity volume variesbetween 6.25% and 45%. Fig. 10 shows the homogenized Young’s
modulus (normalized by the solid modulus) for different values of
the cavity volume. It is to be noted that the cavity volume is re-
ferred to as the porosity in the ﬁgure since the cube has unit vol-
ume. It can be seen that the VAMUCH predictions agree quite
well with the analytical solution (Eq. (38)) for porosity less than
25%. Beyond this point, there is a steady departure from the analyt-
ical solution, which can be attributed to the limitation of the pres-
ent modeling strategy in approximating ﬂuid media.
Next, the microstress distribution is studied for different macro-
stress distributions described in the previous example. For case (a),
i.e., rxx = 1 GPa, the microstress distribution is shown in Fig. 11. It
can be seen that the matrix is subjected to a nonuniform micro-
stress distribution ranging from 3.4 GPa to 1 GPa. On the other
hand the cavity is subjected to negligible stress. This is expected,
since the Young’s modulus of the cavity is three orders of magni-
tude lower than the matrix modulus. Similarly, for the other nor-
mal components, the cavity stress is negligible (compressive) and
the matrix stress varies between 0.2 GPa and 0.7 GPa. The micro-
ﬂuid pressure distribution is four orders of magnitude smaller than
the solid stresses, which is quite high compared to the same case in
the previous example (Fig. 11). Interestingly, the pore pressure is
higher in the matrix compared to that of the cavity.
In case of hydrostatic stress, the microstress distribution
(shown in Fig. 12) is identical for the solid stresses. As seen in
the previous case, the matrix is subjected to a very high stress
(as large as 4 GPa) whereas the cavity is relatively stress-free.
The magnitude of the pore pressure is of the same order as in
the previous case. For case (c), the solid stress distribution is sim-
ilar to case (b), whereas, the pore pressure is uniform throughout
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Fig. 10. Variation of the effective Young’s modulus with the volume of a ﬂuid-ﬁlled spherical cavity. The cavity volume is represented by porosity. The solid line represents
the analytical expression of Shaﬁro (see Eq. (38)) and the squares indicate ﬁnite element simulation results.
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assumes the pores to be interconnected, i.e., for static analysis, the
same pressure is immediately felt everywhere. Finally, for an ap-plied unit ﬂuid pressure, the micropressure distribution is more
or less uniform at 0.7 GPa. The solid stress distribution pattern is
same for all the three components.
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The ﬁnal example describes a step-by-step procedure to obtain
the effective poroelastic properties of an osteon lamella, which is
the primary structure of the cortical part of any long bone. Bones
are ﬂuid-ﬁlled porous media that also show heterogeneous and
hierarchical microstructure (Gray, 1995) and we follow this hierar-
chy to come up to the osteon level and predict the effective mate-
rial property at every intermediate step. Depending on the volume
fraction of the ﬂuid at different regions of cortical and trabecular
bone, three different porosity types are identiﬁed (Cowin, 1999).
They are (a) the vascular porosity, (b) the lacunar–canalicular
porosity and (c) the collagen–apatite porosity. The vascular poros-
ity refers to the volume fraction occupied by the osteonal canals
and the Volkmann canals (providing the space for the vasculature,
nerves and bone ﬂuid). The ﬂuid-ﬁlled space in the lacunae and the
canaliculi results in the lacunar–canalicular porosity. Basic constit-
uents of bone like collagen and mineral (hydroxy-apatite) are also
ﬂuid-ﬁlled porous materials and their porosity is called the colla-
gen–apatite porosity.
We start with the mineralized collagen where the collagen has
Ec = 1.2 GPa and mc = 0.35 and the hydroxy-apatite mineral has
Eh = 114 GPa and mh = 0.28. The relative volume fraction of collagen
(Vc) is 0.418 while that of mineral (Vh) is 0.399. Both collagen and
mineral are saturated with water with a total volume fraction (Vw)X Y
Z
S-11
-0.2
-0.4
-0.6
-0.8
-1
-1.2
-1.4
-1.6
-1.8
-2
-2.2
-2.4
-2.6
-2.8
-3
-3.2
-3.4
-3.6
-3.8
-4
-4.2
-4.4
-0.
-0.
-0.
-0.
-0.
X Y
Z
S-22
-0.2
-0.4
-0.6
-0.8
-1
-1.2
-1.4
-1.6
-1.8
-2
-2.2
-2.4
-2.6
-2.8
-3
-3.2
-3.4
-3.6
-3.8
-4
-4.2
S
-0
-0
-0
-0
-1
-1
-1
-1
-1
-2
-2
-2
-2
-2
-3
-3
-3
-3
-3
-4
-4
Fig. 12. Variation of the microstresses in a unit cell witof 0.155. We assume that water is equally shared by mineral and
collagen so that the volume fraction of saturated collagen (Vcw)
and mineral (Vhw) are
Vcw ¼ Vc þ Vw=2; Vhw ¼ Vh þ Vw=2: ð40Þ
Thus a poroelastic description of collagen will be based on the solid
properties Ec and mc, ﬂuid bulk modulus of 2.3 GPa (water) with a
porosity of /wc = (Vw/2)/Vcw = 0.1564. For mineral the water volume
fraction (/wh, same as porosity) is slightly higher at 0.1626. It is to
be noted that /wc and /wh are parts of the collagen–apatite porosity
mentioned above.
These two porous phases constitute the mineralized collagen ﬁ-
bril where platelet (cuboid) shaped mineral crystals ﬁll the gap
(30 nm) of long (300 nm) collagen molecule chains. Assuming that
only 25% of all mineral content ﬁll these gaps the volume fraction
of mineral in a mineralized collagen ﬁbril is estimated as
/pc ¼
0:25Vhw
Vcw þ 0:25Vhw ¼ 0:1938: ð41Þ
An estimation of the dimension of the platelet mineral crystal is
provided by Rho et al. (1998) as ‘x = 3 nm, ‘y = 25 nm and
‘z = 50 nm. It can be immediately seen that to achieve /pc multiple
platelets need to be inserted in the matrix. Thus, a simple calcula-
tion will suggest that for the given /pc and platelet dimensions,
10 platelets can be considered in a cuboid matrix of dimensionX
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Fig. 13. Bone collagen matrix with mineral platelets as inclusion.
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ing matrix-inclusion arrangement is shown in Fig. 13. The FE mesh
consists of 33,988 linear tetrahedron elements (four noded) with
6836 nodes. The platelets are randomly distributed in the matrix
maintaining a preset gap among themselves and from the bound-
ary. The corresponding pVAMUCH estimate of effective poroelastic
properties of the mineralized ﬁber is shown in Table 1. The table
illustrates the variation of the effective properties with increasing
platelet inclusions (Np). It is to be noted that the conﬁguration
shown in Fig. 13 is just one realization of inﬁnitely many possible
distributions of the platelets. One should try many more conﬁgura-
tions to arrive at a mean estimate of the effective properties along
with the associated variation. Since the present work is focussed
more on the method development than the application itself, the
Monte-Carlo type simulation is not attempted here.
The next step is to estimate the effective properties of the colla-
gen ﬁber. Assuming that half of the remaining minerals are cover-
ing the cylindrical shaped mineralized ﬁbril the volume fraction of
the collagen ﬁbril in a collagen ﬁber is estimated as
/cf ¼
Vcw þ 0:25Vhw
Vcw þ 0:25Vhw þ 0:75Vhw=2 ¼ 0:775: ð42Þ
For this volume fraction we have taken a cube of unit dimension
ﬁlled with a cylinder of unit length and diameter resulting in a vol-
ume fraction (0.785) slightly higher than the actual. The anisotropic
material properties of mineralized ﬁbril estimated in the previous
step is used for the cylindrical inclusion whereas isotropic mineralTable 1
Effective poroelastic material properties of a mineralized ﬁbril, mineralized ﬁber and
lamella assuming 25% of the mineral is formed inside the ﬁbril.
Np = 1 Np = 2 Np = 3 Np = 5 Np = 10
Fibril Fiber Lamella
E1 (GPa) 1.06 1.14 1.21 1.36 1.77 8.71 16.42
E2 (GPa) 1.15 1.36 1.49 1.88 2.77 9.96 17.78
E3 (GPa) 1.42 1.92 2.33 3.34 5.31 24.28 39.08
G12 (GPa) 0.37 0.38 0.39 0.42 0.51 2.32 4.45
G13 (GPa) 0.37 0.38 0.39 0.42 0.51 3.68 7.19
G23 (GPa) 0.42 0.49 0.53 0.65 0.89 4.09 7.60
m12 0.36 0.35 0.35 0.32 0.26 0.12 0.11
m13 0.27 0.22 0.19 0.15 0.11 0.10 0.12
m23 0.26 0.21 0.18 0.14 0.11 0.11 0.12
Q1,2,3 (GPa) 0.055 0.055 0.0555 0.056 0.0575 0.061 0.064
R (GPa) 0.27 0.27 0.27 0.271 0.278 0.294 0.308material properties are used for the matrix. The resulting homoge-
nized poroelastic material properties of the mineralized collagen ﬁ-
ber are shown in Table 1.
Finally, the effective properties of the ﬁber are used to estimate
the effective properties of a bone lamella. The volume fraction of
mineralized ﬁber in a lamella can be estimated as
/lm ¼
Vcw þ 0:25Vhw þ 0:75Vhw=2
Vcw þ Vhw ¼ 0:816: ð43Þ
However, the maximum volume fraction of a cylindrical inclusion is
p/4 = 0.785. Thus our current estimate of the ﬁber volume fraction
in a lamella is not correct. This contradiction arises from the initial
assumption regarding the distribution of minerals inside and out-
side collagen ﬁber. For the present case, we assume that the previ-
ous mesh can be used and the effect of the 3% (0.816–0.785) of ﬁber
volume fraction on the lamella properties is negligible. The result-
ing homogenized poroelastic material properties of a lamella are
shown in Table 1. If the volume fraction of mineral is assumed to
be only 5% inside the collagen ﬁbril, as opposed to 25%, the resulting
ﬁbril, ﬁber and lamella properties can be estimated following the
same procedure. In this case, the platelet volume fraction
/pc = 0.046 and three platelets of aforementioned dimensions are
sufﬁcient in a collagen cube of dimension 62.6 nm. The resulting
volume fraction of mineralized ﬁbril (/cf) and collagen ﬁber (/lm)
are 0.7 and 0.77, respectively. As both /cf and /lm are less than p/
4, cylindrical inclusions can be used without any problem. The
resulting effective material properties are shown in Table 2. Com-
paring Tables 1 and 2, it can be readily seen that the effective mate-
rial properties of ﬁbril, ﬁber and lamella are very close to each other
and the initial assumption on the volume fraction of mineral inside
and outside the ﬁbril has marginal effect on the ﬁnal material prop-
erty. This can be attributed to the relative material properties of
mineral and collagen assumed in this study where Eh/Ec = 95 and
as a result most of the effective lamella properties are derived from
mineral and collagen contributes marginally. It can be veriﬁed that
for a hypothetical case where the collagen moduli are comparable
to the mineral moduli the initial assumption on the mineral volume
fraction distribution strongly controls the effective lamella
properties.
Several earlier studies estimated the material properties of bone
at the lamella level, either by nanoindentation (Fan et al., 2002;
Rho et al., 1997; Rho et al., 1999; Zysset et al., 1999; Rho et al.,
2002; Hengsberger et al., 2003) or by theoretical modeling (Jasiuk
and Ostoja-Starzewski, 2004; Yoon and Cowin, 2008; Nikolov and
Raabe, 2008). Most of the nanoindentation results yield isotropic
material properties with Young’s modulus varying between
18.8 ± 1 GPa to 25 ± 4.3 GPa. Anisotropic Young’s moduli reported
by Fan et al. (2002) are {16.6 ± 1.5,17.0 ± 2.2,25.1 ± 2.1}. In the
present study, the average lamella Young’s moduli obtained areTable 2
Effective poroelastic material properties of a mineralized ﬁbril, mineralized ﬁber and
lamella assuming 5% of the mineral is formed inside the ﬁbril.
Np = 3
Fibril Fiber Lamella
E1 (GPa) 1.16 8.14 15.79
E2 (GPa) 1.38 8.45 16.13
E3 (GPa) 1.89 21.62 37.00
G12 (GPa) 0.39 2.17 4.27
G13 (GPa) 0.39 3.53 7.02
G23 (GPa) 0.49 3.64 7.13
m12 0.35 0.12 0.11
m13 0.22 0.11 0.12
m23 0.22 0.11 0.12
Q1,2,3 (GPa) 0.055 0.059 0.062
R (GPa) 0.268 0.285 0.300
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overestimate the Young’s modulus in x3 direction. There could be
several reasons for this (apparent) overestimation. First, the
Young’s modulus of hydroxy-apatite mineral reported in the liter-
ature has a broad range varying between 6 GPa and 147 GPa (Niko-
lov and Raabe, 2008; Martin and Brown, 1995; Snyder et al., 2007).
Since, none of the papers dealing with nanoindentation of lamella
reported mineral material properties, it may very well happen that
the current mineral modulus of 114 GPa is different from what
others have encountered. Further, in the present study the mineral
is assumed isotropic although in reality it is anisotropic (Katz and
Ukraincik, 1971) and the anisotropy has substantial inﬂuence on
the lamella anisotropy. The second most important reason of over-
estimation of lamella properties is the orientation of the mineral
platelets in the unit cell. It is shown recently (Deuerling et al.,
2009) that the orientation distribution function of the mineral
crystals has very strong inﬂuence on the bone elastic properties
accounting for more than 60% of the variation i.e., if the model as-
sumes perfectly aligned crystals it overestimates the elastic con-
stants by 60% (50 GPa instead of 30 GPa). In the present study
the platelets are also assumed to be perfectly aligned, i.e., their c-
axis [001] is aligned with x3 axis, which could lead to possible
overestimation of E3.6. Conclusion
This work extends the variational asymptotic method of
homogenization to heterogeneous ﬂuid-ﬁlled porous media where
heterogeneity arises due to varying solid and ﬂuid phase properties
and varying micro- or nanostructure. The method is based on ﬁnite
element discretization of a unit cell (or representative volume)
containing sufﬁciently accurate information of the individual
phases. The theoretical description of the porous media is provided
by Biot’s theory of poroelasticity. Like its predecessor the current
method displays very high level of efﬁciency and accuracy. By vir-
tue of its formulation the method computes the complete set of
material properties in a single analysis. This property makes it
more efﬁcient to any other ﬁnite element based approach where
multiple loading and simulations are required to generate the com-
plete constitutive matrix.
The method also demands enforcement of strictly periodic
boundary conditions which are directly imposed on the nodes
resulting in a higher accuracy. This approach of imposing periodic
boundary condition is sometimes too restrictive as most of the
commercial mesh generator will not guarantee that exactly same
number of nodes are present on opposite faces. In this work extra
care is always taken to ensure that the master–slave condition is
satisﬁed at all the faces. Going forward, this requirement will be re-
laxed so that more general representative volumes (e.g., inclusions
intersecting the RVE boundaries) can be analyzed.
Other than the estimation of mechanical properties, the method
also computes the micro-stress/strain variation within the unit
cell. This capability adds to the strength of the method and greatly
helps in understanding and identifying possible failure locations in
a microstructure. The method is made general enough to estimate
21 elastic constants of anisotropic solid phase, 6 constants of aniso-
tropic solid–ﬂuid coupling and one constant (compressibility) of
the ﬂuid phase.
There is no existing analytical method for homogenization of
heterogeneous porous media. In this situation, the classical
homogenization techniques meant for heterogeneous solids are
applied to porous media and their predictions are compared with
the current estimate. It is shown that among all the methods the
extended Biot’s theory based predictions compare well with pVA-
MUCH predictions for all level of porosity whereas the dilute distri-bution theory based predictions compare well with pVAMUCH
predictions for porosity less than 30%. The method is applied to
porous ﬂuid-ﬁlled unit cells with spherical inclusion and Eshelby’s
problem for porous media is solved by pVAMUCH. Then the effec-
tive Young’s modulus of unit cell with ﬂuid-ﬁlled spherical cavity
is estimated and compared with analytical solutions and it is
shown that the results agree well for inclusion volume fraction less
than 30%. The nature of microstress and ﬂuid pressure for different
macrostress distribution is also computed for above applications.
The ﬁnal example of bone lamella property estimation illus-
trates one of the many potential applications of pVAMUCH to mul-
ti-scale porous material homogenization. Starting from a saturated
porous material description of collagen and mineral, the example
estimates effective porous material properties of mineralized colla-
gen ﬁbril, ﬁber and lamella in a uniﬁed way. The example clearly
brings out several questions on the suitability of the current
assumptions of relative volume fractions of individual phases, their
micro-/nanostructure and ﬁnally their material properties. Future
work will be directed towards answering these questions and to-
wards overall development of a more realistic unit cell, where
the current method can be very useful in establishing an accurate
description of bone as a ﬂuid-ﬁlled porous media.Acknowledgement
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The ﬁrst three methods discussed in this section are traditional
averaging techniques dealing with solid–solid mixture. Thus, por-
ous phases need to be converted to equivalent solid phases before
homogenization is carried out. Thus, if a phase has Young’s modu-
lus E, Poisson’s ratio m and porosity b then the conversion is as-
sumed (following Biots theory) to be
E ¼ Eð1 bÞn; K ¼ E=3ð1 2mÞ; l ¼ E=2ð1þ mÞ; ð44Þ
where E; l and K are the equivalent Young’s modulus, shear mod-
ulus and bulk modulus, respectively. These entities can now be used
directly in the classical averaging techniques. It is to be noted that
this approach neglects the contribution of the pore ﬂuid. For this
reason, the ﬁrst example in the numerical section assumes air as
the pore ﬂuid so that the ﬂuid contribution is marginal.A.1. Coherent potential approximation
Let the bulk and the shear modulus of a heterogeneous medium
is represented by K(x) and l(x), respectively. Then, the effective
bulk modulus estimate by CPA, KCPA is
1
KCPA þ 4lCPA=3
¼ 1
KðxÞ þ 4lCPA=3
 
; ð45Þ
whereas, for the shear modulus the CPA estimate, lCPA is
1
lCPA þ FCPA=3
¼ 1
lðxÞ þ FCPA
 
: ð46Þ
The function F = F(K,l) is deﬁned by
F ¼ l
6
9K þ 8l
K þ 2l ; ð47Þ
and hi indicates volume average.
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In this method the effective shear modulus lGSCM is computed
by solving a quadratic equation (Christensen, 1990)
A
lGSCM
lm
 	2
þ 2B l

GSCM
lm
 	
þ C ¼ 0; ð48Þ
where A, B and C are functions of inclusion and matrix shear moduli
(li and lm, respectively) and inclusion and matrix Poisson’s ration
(mi and mm, respectively) and their expressions are given by Christen-
sen (1990). The effective bulk modulus is given by
KGSCM ¼ Km þ cðKi  KmÞ=ð1þ ð1 cÞðKi  KmÞ=ðKm þ 4lm=3ÞÞ;
ð49Þ
where c is the volume fraction of the inclusion.
A.3. Mori–Tanaka method
For spherical inclusion, the Mori–Tanaka method yields follow-
ing expression for the effective shear modulus lMT (see Christensen
(1990))
lMT ¼ lm þ
cðli  lmÞ
1þ ð1 cÞ lilm
lmþlmð9Kmþ8lmÞ6ðKmþ2lm Þ
; ð50Þ
whereas, the effective bulk modulus has the same expression as
KGSCM .
A.4. Biot’s theory
The effective isotropic poroelastic properties by Biot’s theory
are estimated as
lBIOT ¼ ð1 cÞnlm; ð51Þ
where n is an exponent that depends upon the microstructure of the
solid phase. The effective bulk modulus is evaluated from the
expression
KBIOT ¼ Km
cðKi=Km  1Þð1 cÞn þ c2 þ ð1 2cÞf1 ð1 cÞng
1 c  ð1 cÞn þ cKi=Km
:
ð52Þ
It is important to note that Biot’s theory assumes the inclusion to be
ideal ﬂuid (i.e., zero shear modulus).
A.5. Dilute distribution theory
Yoon and Cowin (2009) used dilute distribution theory for two-
phase composite with an assumption that the ﬂuid phase can be
approximated as isotropic elastic solid. In this method, the effec-
tive compliance tensor of the composite is given by
S ¼ 1þ cðQ  PÞ1
h i
C1m ; Q ¼ ðCm  CiÞ1Cm; ð53Þ
where Cm and Ci are the constitutive law of the matrix and inclusion
phase, respectively and P is the Eshelby’s tensor for the inclusion
phase. For ﬂuid inclusion phase, it is assumed that Ci can be
obtained from ﬂuid bulk modulus Kf with a Poisson’s ratio close
to 0.5 (i.e., 0.4999). The resulting Ci is given in Yoon and Cowin
(2009).
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